Abstract-In the context of continuous piecewise affine dynamical systems, we study the Zeno behavior, i.e., infinite number of mode transitions in finite time interval, in this note. The main result reveals that piecewise affine dynamical systems do not exhibit Zeno behavior. A direct benefit of the main result is that one can apply smooth ordinary differential equations theory in a local manner for the analysis of piecewise affine systems.
Closely related to piecewise affine dynamical systems, differential variational systems were another subclass of hybrid systems for which Zeno behavior has been studied [11] and [16] .
The organization of the paper is as follows. In Section II, we introduce continuous piecewise affine dynamical systems and its alternative representations. This will be followed by stating the main result in Section III. Section IV is devoted to the proof of the main result as well as the auxiliary results. Finally, conclusions and future work are addressed in Section V.
II. CONTINUOUS PIECEWISE AFFINE SYSTEMS
Consider the finite-dimensional time invariant system given by the ordinary differential equation of the form _ x = f(x) (1) where x 2 n and f : n ! n is a continuous piecewise affine function, i.e., the function f is continuous and there exists a finite family of affine functions ff i j 1 i pg such that f(x) 2 ff i (x) j 1 i pg for all x 2 n .
We say that a continuously differentiable function x : ! n is a solution of the system (1) for the initial state x 0 if x(0) = x 0 and it satisfies the (1) for all t 2 .
The representation (1) describes the system at hand in an implicit way via the component functions ff i j 1 i pg. Alternatively, a more explicit representation of (1) can be obtained by invoking the well-known properties of continuous piecewise affine functions. To do so, we first recall that a finite collection 4 of polyhedra in n is called a polyhedral subdivision of n if • the union of all polyhedra in 4 is equal to n ;
• each polyhedron in 4 is of dimension n;
• the intersection of any two polyhedra in 4 is either empty or a common proper face of both polyhedra.
For every continuous piecewise affine function f , one can find a polyhedral subdivision 4 = f i j 1 i mg of n and a finite family of affine functions ff i j 1 
In this case, the continuity of the function f is equivalent to the following implication holds:
Since a continuous piecewise affine function must be globally Lipschitz continuous (see for instance [10 3) the non-Zeno property if it has both the forward and the backward non-Zeno property. The following theorem is the main result of the paper. It shows the absence of Zeno behavior in continuous piecewise affine systems.
Theorem 3.2:
The system (2) has the non-Zeno property.
The proof of this statement will be given in Section IV.
IV. PROOF OF THEOREM 3.2
Associated to the system (2) we consider the reverse-time system defined as 
Note that this system is also a continuous piecewise affine system. The following proposition relates the backward non-Zeno property of the system (2) to the forward non-Zeno property of the associated reversetime system (4). Its proof is straightforward and hence is omitted. Proposition 4.1: The system (2) has the backward non-Zeno property if and only if the associated reverse-time system (4) has the forward non-Zeno property.
In the light of this proposition, to prove Theorem 3.2 it suffices to show that every continuous piecewise affine system of the form (2) has the forward non-Zeno property. To do so, we first need to introduce some nomenclature and some auxiliary results.
For an ordered tuple a = (a 1 ; a 2 ; . . . ; a k ), we write a 0 if a = 0 or the first non-zero component is positive. If a 0 and a 6 = 0, then we write a 0. Sometimes, we also use the symbols "" and "" with for all k n + 1, and hence row lỹ (k) (0; x0) = 0 for all k 0. This implies row l (ỹ(t; x0)) = 0 for all t due to the analyticity of row l (ỹ(t; x0)), which follows from the analyticity ofỹ(t; x 0 ).
ii) The second case is that Since row lỹ (2) (0; x 0 ) + 1 1 1 (8) for all t 0 sufficiently small. In views of (6) and (8) The following lemma characterizes the forward non-Zeno property of a system of the form (2) in terms of the sets i , 1 i m.
Lemma 4.3:
The following two statements are equivalent: 1) The system (2) has the forward non-Zeno property.
2)
Proof: Suppose that the first statement holds. Then, for any x 0 2 n there exist an " > 0 and an index i 2 f1; . . . ; mg such that for all t 2 [t 3 ; t 3
+ "]. Therefore, the system (2) has the forward nonZeno property.
In the light of Lemma 4.3, showing that
is satisfied for any system of the form (2) is enough for proving Theorem 3.2. Before doing so, we need to introduce some more nomenclature. In general, a given vector in n may be contained in more than one of the sets i and i . Define for a given the sets I (), J () as I () := fi 2 f1; 2; . . . ; mg j 2 i g; J () := fi 2 f1; 2; . . . ; mg j 2 ig:
Since i i , one gets J () I () for each 2 n .
The following lemma is the last auxiliary result that will be used in the proof of Theorem 3.2. For the second statement, observe that the claim is trivial if p is a constant function. So, we only need to prove the case when p is not constant. Arguing by contradiction, we assume that the claim does not hold. Then, for each i 2 I (x 0 ), one of the following statements holds: a) There exists " > 0 such that p(t) 6 2 i for all t 2 (0; ");
b) There exists an infinite sequence of positive scalars t k all distinct and converging to 0 as k ! 1 such that p(t 2k01 ) 2 i and p(t 2k ) 6 2 i for all k 1. Note that the latter statement must hold for at least one index i 2 I (x 0 ). Otherwise, there would exist a positive number " such that
for all t 2 (0; "). However, the set on the right hand side contains a neighborhood U of x 0 due to the first statement of Lemma 4.4. This leads to a contradiction since p(t) belongs to U for all sufficiently small t > 0 due to continuity.
Since (b) holds for some i 2 I (x 0 ), for every k 1 there exists an index l k 2 f1; . . . ; mig such that row l (Cip(t 2k ) + di) < 0:
Denote 3 = fl k j k 1g. Then, note that 3 is a finite set, there exists an index l 3 2 3 such that row l (C i p(t 2k ) + d i ) < 0 for infinitely many k's. Without loss of generality, we may assume that row l (Cip(t 2k ) + di) < 0 (9) for all k 1. Then, for every k 1, due to (9) and the fact that Since the k 's are all distinct and row l (Cip(t) + di) is a non-zero polynomial in t with real coefficients with finitely many roots, we obtain row l (C i p(t) + d i ) = 0 for all t. This is contradiction with (9) and hence the second statement holds.
With all these preparations, we are now in a position to prove Theorem 3.2. In views of Proposition 4.1 and Lemma 4.3, it is enough to show that
holds for any system of the form (2). For any choice x 0 2 n , we denote I0 = I(x0) for brevity. It follows from (3) that Aix0 + bi = A j x 0 +b j for all i, j 2 I 0 . We take i 2 I 0 and define x 1 := A i x 0 +b i . 
V. CONCLUSIONS
In this note, we proved that continuous piecewise affine dynamical systems do not exhibit Zeno behavior. Absence of Zeno behavior considerably simplifies the analysis of piecewise affine systems. This opens new possibilities in studying fundamental system-theoretic problems like controllability and observability for these systems. Also the ideas employed in this note are akin to be extended for possibly discontinuous but well-posed (in the sense of existence and uniqueness of solutions) piecewise affine dynamical systems.
